Abstract. Let p > 3 be a prime and m, n ∈ Z with p ∤ mn. Built on the work of Morton, in the paper we prove the uniform congruence:
) is the Legendre symbol. We also establish many congruences for x (mod p), where x is given by p = x 2 + dy 2 or 4p = x 2 + dy 2 , and pose some conjectures on supercongruences modulo p 2 concerning binary quadratic forms.
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Introduction.
Let {P n (x)} be the Legendre polynomials given by P 0 (x) = 1, P 1 (x) = x, (n + 1)P n+1 (x) = (2n + 1)xP n (x) − nP n−1 (x) (n ≥ 1).
It is well known that (see [G, (3.132) -(3.133)])
(1.1)
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where [a] is the greatest integer not exceeding a. From (1.1) we see that (1.2) P n (−x) = (−1) n P n (x), P 2m+1 (0) = 0 and P 2m (0) = (−1) m 2 2m 2m m .
We also have the following formula due to Murphy ( [G, (3.135) ]):
(1.3) P n (x) = n k=0 n k
We remark that n k n+k k = 2k k n+k 2k . Let Z be the set of integers. For a prime p let Z p be the set of rational numbers whose denominator is coprime to p. Based on the work of Morton ([BM] , [M] ), in [S3-S6] the author proved that for a prime p > 3 and t ∈ Z p , P where a p is the Legendre symbol. For a prime p > 3 let F p be the field of p elements. For m, n ∈ F p we call the curve E p : y 2 = x 3 +mx+n an elliptic curve provided that the discriminant 4m 3 +27n 2 = 0 in F p . Let #E p (y 2 = x 3 + mx + n) be the number of points (including infinity) on the curve E p : y 2 = x 3 + mx + n over F p . It is easily seen that (see for example [S1] )
(1.8) #E p (y 2 = x 3 + mx + n) = p + 1 + p−1 k=0 x 3 + mx + n p .
The famous inequality due to Hasse states that p−1 k=0
It is important and difficult to evaluate the general Jacobsthal sum p−1 k=0 (
). So far, the sum is only determined by using Deuring's theorem when the corresponding elliptic curve has complex multiplication (see [LM] , [I] ). In 2006, Morton [M] established a congruence for p−1 k=0 ( x 3 +mx+n p ) (mod p) by using Jacobi polynomials. Let p > 3 be a prime and m, n ∈ Z p with mn ≡ 0 (mod p). Built on the work of Morton, in the paper we prove the uniform congruence: (1.9)
We note that the right sums in (1.9) have the good form p−1 k=0 f (k). For positive integers a, b and n, if n = ax 2 + by 2 for some x, y ∈ Z, we briefly say that n = ax 2 + by 2 . Let p be a prime of the form 4k + 1 and so p = x 2 + y 2 with x ≡ 1 (mod 4). In 1825, Gauss found the congruence
Similar congruences for x (mod p) with p = x 2 + dy 2 (d ∈ {2, 3, 5, 7, 11}) were found by Jacobi, Eisenstein and Cauchy, see [BEW] . For d = 3, 7, 11, 19, 43, 67, 163 we know that for any prime p with ( p d ) = 1, there are unique positive integers x and y such that 4p = x 2 + dy 2 . In [R1,R2] , [RPR] , [PR] , [PV] and [JM] , the x was given by an appropriate cubic Jacobsthal sum. For example,
In the paper, based on the work of Ishii [I] , by considering the sums
we establish many congruences for x (mod p), where p is an odd prime and x ∈ Z isgiven by p = x 2 + dy 2 or 4p = x 2 + dy 2 . Here are four typical results:
We also pose many conjectures on congruences modulo p 2 . For example, we conjecture that y ≡ 910 9801
General congruences involving
For a prime p and a ∈ Z p let a p ∈ {0, 1, . . . , p − 1} be given by a ≡ a p (mod p). Let P (α,β) n (x) be the Jacobi polynomial defined by
It is known that (see [AAR, p.315 
From [B, p.170] we know that
Lemma 2.1. Let n be a nonnegative integer. Then
Proof. Since [G, (3. 137)] we have
From (2.2) and (2.3) we see that
This proves the lemma.
Theorem 2.1. Let p be an odd prime and let m be a positive integer such that p ∤ m. Then
Proof. Suppose p = 2mk + r with k ∈ Z and r ∈ {0, 1, . . . , 2m − 1}. Then [ 
Thus, if 2 | [ p m ], using Lemma 2.1 and the above we get
], using Lemma 2.1 and the above we get
By Lemma 2.1, we also have
This completes the proof.
Lemma 2.2. Let p be an odd prime and m ∈ {1, 2, . . . ,
. By using (1.3) we have
Lemma 2.3. Let p be an odd prime and m ∈ {0, 1, . . . , p − 1}. Then
Proof. If a i , b i ∈ {0, 1, . . . , p − 1}, then Lucas theorem asserts that
Thus, for 0 ≤ r ≤ m < p we have
Hence, using (1.3) we see that
Thus the lemma is proved.
Theorem 2.2. Let p be an odd prime and a, t ∈ Z p with t ≡ 0 (mod p). Then
Thus, by (2.2) and the fact −1 − a p = p − 1 − a p we get
Using (2.3) and (2.2) we see that
To complete the proof, using Lemmas 2.2 and 2.3 we note that
Theorem 2.3. Let p be an odd prime and a, t ∈ Z p with t ≡ 0, 1 (mod p). Then
Proof. It is clear that
Using (2.1) we see that for x = 1,
x−1 and x−1 2 = 1 t−1 . Now substituting x with t+1 t−1 in the above congruence we obtain
Clearly −1 − a p = p − 1 − a p . Thus, using Lemma 2.2 and the above we see that
To complete the proof, using (2.3) we note that
Congruences for
Theorem 3.1. Let p be an odd prime and let t ∈ Z p . Then
Proof. Taking a = − 1 12
in Theorem 2.2 and then applying Lemmas 2.2-2.3 we see that
To see the result, we note that (
Lemma 3.1 ([S5, Theorem 2.2]). Let p > 3 be a prime and m, n ∈ Z p with m ≡ 0 (mod p). Then
Theorem 3.2. Let p > 3 be a prime and m, n ∈ Z p with mn ≡ 0 (mod p). Then
(mod p) if p ≡ 11 (mod 12), using Theorem 3.1 and Lemma 3.1 we deduce the result.
Corollary 3.1. Let p be a prime with p = 2, 3, 19. Then
Proof. From [RPR] , [JM] and [PV] we know that (3.1)
Thus, taking m = −8 · 19 and n = 2 · 19 2 in Theorem 3.2 we deduce the result.
For a simpler congruence for u (mod p) with 4p = u 2 + 19v 2 , see [LH, p.269] .
Theorem 3.3. Let p > 3 be a prime and m, n ∈ Z p with mn ≡ 0 (mod p). Then
Proof. Putting m = 6 and t = − 27n 2 4m 3 in Theorem 2.1 we see that
) (mod p) if p ≡ 7, 11 (mod 12). Now applying Lemma 3.1 we deduce the result.
Let p > 3 be a prime and S p (m, n) = p−1 x=0 (
). It is known that (see for example [S5, S6] , [R1,R2] , [RPR] , [JM] , [PV] and [W] )
3) 
Theorem 4.1. Let p be a prime with p ≡ 1, 4 (mod 5). Then
Proof. Taking m = 3 and t = 5 in Theorem 2.1 we get
From [S6, Theorem 4 .6] we know that
Thus the result follows.
Conjecture 4.1. Let p > 5 be a prime. Then
and so
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Theorem 4.2. Let p be a prime such that p ≡ 1, 7 (mod 8). Then Proof. Taking m = 3 and t = 1 2 in Theorem 2.1 we see that
From [S6, Theorem 4 .5] we have
Observe that 2
(mod p) for p ≡ 1, 7 (mod 24). From the above we deduce the result.
Conjecture 4.2. Let p > 3 be a prime. Then 13, 19 (mod 24) and so
Theorem 4.3. Let p be an odd prime such that (
Proof. Taking m = 3 and t = 17 16 in Theorem 2.1 we see that
On the other hand, by [S6, Theorem 4 .8],
Thus the theorem is proved.
Conjecture 4.3. Let p > 3 be a prime. Then
Using the theorems in Section 4 in [S6] and Theorem 2.1 one can similarly deduce the following results.
Theorem 4.4. Let p be an odd prime such that (
Conjecture 4.4. Let p > 3 be a prime. Then
Theorem 4.5. Let p be an odd prime such that (
Conjecture 4.5. Let p > 3 be a prime. Then
Theorem 4.6. Let p be a prime such that p ≡ 1, 4 (mod 5). Then
(mod 15) and so 4p = x 2 + 75y 2 with 3 | x − 2, 0 (mod p) if p ≡ 11, 14 (mod 15)
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Conjecture 4.6. Let p > 5 be a prime. Then
(mod p 2 ) if p ≡ 7, 13 (mod 30) and so 4p = 25x 2 + 3y 2 with 3 | x − 1,
Theorem 4.7. Let p be an odd prime and p = 11. Then
Conjecture 4.7. Let p > 11 be a prime such that ( p 11 ) = 1 and so 4p = x 2 + 11y 2 . Then
Theorem 4.8. Let p > 3 be a prime. Then
Proof. From [S6, Theorem 3 .2] we know that
Thus taking m = 3 and t = 25 16 in Theorem 2.1 and then applying the above we deduce the result.
Conjecture 4.8. Let p ≡ 1 (mod 3) be a prime and so 4p = L 2 +27M 2 with 3 | L−2. Then
Theorem 4.9. Let p be an odd prime. Then , 19 (mod 24) and 4 | c − 1, 11, 17 (mod 24) and 4 | c − 1,
Proof. By [S6, Theorem 4.3] , Conjecture 4.9. Let p ≡ 1, 3 (mod 8) be a prime and so p = c 2 + 2d 2 with 4 | c − 1. Then
) (mod p 2 ) if p ≡ 11, 17 (mod 24).
Congruences for
Theorem 5.1. Let p > 3 be a prime and t ∈ Z p with t ≡ 0 (mod p). Then
Proof. Taking a = − 1 8
in Theorem 2.2 and applying Lemmas 2.2 and 2.3 we see that
Thus the theorem is proved. 21
Theorem 5.2. Let p be a prime such that p ≡ ±1 (mod 8). Then 17, 23 (mod 24) .
Proof. From [S7, Theorem 3 .5] we know that
Taking m = 4 and t = 8 9 in Theorem 2.1 and then applying the above we deduce
This proves the theorem.
Conjecture 5.1. Let p be a prime such that p ≡ 5, 11 (mod 24) and so p = 2x 2 + 3y 2 (x, y ∈ Z). Then
Lemma 5.1 ([S4, Lemma 4.1]). Let p be an odd prime. Then
Theorem 5.3. Let p ≡ 1, 9 (mod 20) be a prime and so p = x 2 + 5y 2 with x, y ∈ Z. Then
Proof. From [LM, Theorem 11] we know that
Thus, taking m = 4 and t = 5 4 in Theorem 2.1 and Lemma 5.1 we obtain
This is the result.
Theorem 5.4. Let p be a prime such that p ≡ 1, 9, 11, 19 (mod 40) and so p = x 2 + 10y 2 with x, y ∈ Z. Then
Proof. From [LM] and Deuring's theorem we deduce that (see [S6] )
Thus, taking m = 4 and t = 80 81 in Theorem 2.1 and then applying Lemma 5.1 and the above we deduce the result.
Theorem 5.5. Suppose that p is a prime such that (
Proof. From [LM] and Deuring's theorem we deduce (see [S6] )
Now taking m = 4 and t = 325 324 in Theorem 2.1 and then applying Lemma 5.1 and the above we deduce
This completes the proof. Remark 5.1 Let d ∈ {5, 10, 13}, and f (d) = −4, 81, −324 according as d = 5, 10, 13. Let p be a prime such that p = x 2 + dy 2 ≡ 1 (mod 8). After reading the author's conjectures on
the author's brother Z.W. Sun conjectured
Theorem 5.6. Suppose that p is a prime such that ( Proof. From [LM] and Deuring's theorem we deduce (see [S6] ) This completes the proof.
Conjecture 5.2. Suppose that p is a prime such that ( Theorem 5.7. Let p be a prime such that ( Proof. From [LM] and Deuring's theorem we deduce (see [S6] ) in Theorem 2.1 and then applying Lemma 5.1 and the above we deduce the result. 
Thus, taking m = 4 and t = 2400 2401 in Theorem 2.1 and then applying Lemma 5.1 and the above we deduce the result.
Conjecture 5.5. let p be a prime such that p ≡ 1, 3 (mod 8) and so p = x 2 + 2y 2 . Then 
